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Generalized conditions are formulated for the nonideal contact of dissimilar 
heat-sensitive crystalline solids in order to determine their Kirchhoff vari- 
ables. 

The studies [i, 2] formulated generalized conditions of nonideal thermal contact of dis- 
similar solids and generalized heat-transfer boundary conditions for bodies with thin coat- 
ings for the case when the thermophysical characteristics of elements of the piecewise-uni- 
form bodies in question are independent of temperature. Generalized boundary conditions for 
heat-sensitive bodies with thin coatings were formulated in [3]. Here, we present general- 
ized conditions of nonideal thermal contact of dissimilar heat-sensitive bodies connected 
through a thin, heat-sensitive intermediate layer. 

Let two nonmetallic crystalline bodies be connected by a thin, nonmetallic intermediate 
layer. The thermal conductivities and volumetric heat capacities of the bodies are different 
and at low temperatures are proportional to the cube of the absolute temperature [4, 5]: 

~ (h) = ~t~ 3, c~ (tO = ~ t ?  (i = O, 1, 2). ( l )  

The system is heated by internal heat sources and then by radiation. Generalized con- 
ditions of ideal thermal contact exist between the bodies and the intervening layer. 

In this case, we have the following equation of generalized heat conduction [6-8] to de- 
termine the temperature field in the piecewise-uniform body, referred to a system of curvi- 
linear orthogonal coordinates (=, ~, 7) 

along with the generalized conditions of ideal contact 

to = tl, ~ o )  = $ I ' )  on $1, to = t2, ~ o )  

g e n e r a l i z e d  S t e f a n - B o l t z m a n n  b o u n d a r y  c o n d i t i o n s  

;q (tO Ov jJ 

(2) 

= 6~ 2~ on &, (3)  

and initial conditions 

z, (t,) ~ + t, (7~,t,' - qO = o on s; (4) 

where 

t i= t (o  ~ t~--O at "~=0 ,  (5 )  

_.)  O , % /  1 
l ~ = l + t ~  ~ --  l:(r 0 f L ~ f f , ) e x p [ ~ - - T  I aLi ~ k x~ (~ ] Onj d ~ ( i = O ,  1, 2, j = l ,  2/. 

0 

With allowance for Eqs. (i), boundary-value problem (2)-(5) for crystalline solids is 
completely linearized by means of Kirchhoff variables 
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and it takes the following form for the-thin intermediate layer, referred to curvilinear 
coordinates of the mixed type, after the appropriate simplifications [2] 

02~~ +P2t%O=--to"W~ ' (6) 
0? 2 • 

9o = O~, * I  ~ = cJ)l') on Sl,  @o = e~, (i0(2 ~ = (11)(2 2) on S~, ( 7 )  

0#o 
• an----~ + z~ (%00 - -  qo) - -  0 on S; ,  (8)  

~o==t~(o ~ bo=O at "~=0, (9) 
where 

b0- 0r  p a = A _ _  13~ lo O • , 
a~  • - - ~ - ,  ~o = 4~o ~o 

"i = ~") ,, exp ~f) On---T 

(8), and (9) in accordance with the integral characteristics of If we average Eqs. (6), 
the Kirchhoff variable [9] 

we obtain: 

0 ij i 25 ~od 7, O* 3 . . . .  7~od?, ( 10 ) 
-~ 252 -6 

where 

kav J k--~-~, / ] -Zo~Vo, 

Aop~O*+ 3.o ~. o~, j + (.-gC, - , o  

O0 50* - 
.o ~ + Zo (~oO- ~o) = o, ~o - ~ v  + ~o (~oO* - q *) = Oo~ s ; ,  

0:~(o  ~ ~1----0, 0"-=0, 0 " : 0  at T=0 ,  

( i i )  

(12) 

(13)  

1 

o = 26---- ~ 9~  = 9o]~=~, ~Vo = i %d~,, W~ = 

Using the operator method, we write the general solution of Eq. (6) in the form 

�9 E 
~0(Q+- Q~-)] 10~0 cosp? #+ +- 97 I~ (Q~176 ] -~ sinpv 9 $ - -  #~- - - ,  

Oo 2cosp5 • "] 2sinp5 . x---~- ] -+- • (14) 
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where 
%, 

Qo ~ = Qolv=:~v Qo = P ,!' wo sin p (~ - -  ?) d~. 
0 

Taking Eqs. (i0) and (14) into account, we find that 

0 " =  

0 = + + + ] lo o 
2p6 z 2 • ( 1 5 )  .op ] + ' 

3 1 - - p 6 c t g p 6  [9+__~o lo(Qo--Q-d) ] , IoQ* 
2 ' 026z L Xop 2 ] ' U o p  2 '  

where 

] 6 

-~ 2~--- ~ ~ ~Qod~. 

Inserting Eqs. (15) into (ii-13), considering conditions (7), passing to the limit at 
6 § 0 in the resulting relations, and keeping the constants A0, Co, r0, Wo, Wo* , we obtain 
the following generalized conditions for the contact of crystalline bodies connected by a 
thin intermediate crystalline layer: 

A o A ( 0 a + # 2 ) + 2 " ~  • .eft) - - +  1 ,~)  ~ ~  i.a Ot h i~1 
= C#o (e~ + 6~) - 24Wo, 

A o a ( % - e . ~ ) + 6 ~ ( - 1 / - ~  x, .~ + I , y ~  ~? -= 
z = I  x~ On i 

= coto@~-  ~ ) +  12 O ~ - 9 ~ ) - 2 l o W *  on So, 
t" o 

a (~  + ~.) + ,~oto ( ~  + e~) - -  2Zo~'o = o ~nd Xo a,z~ 

a ( % -  %) + ~ o t o ( ~ -  %) - 21o$: = o o. Lo, ~o an,~ 

~ l = ~ o = ~ ( o  ~ ~ l = ~ o . = 0  at "~=0 on S O U Lo. 

Let us examine special cases of conditions (16). 

i. 
I<" l : I< 2 

have : 

(16) 

(17) 

(z8)  

If the thermophysical characteristics of the two bodies are identical (kz = X2 = k, 
= K, Tr(Z) = ~r (2) = ~r), W0* = O, q0* = O, nl = -~2 = n, then instead of (16-18) we 

AoA~% + 2• - -  + 2 . 1 - -  ~ exp - -  d~ = Colo~ - -  loWo on So, 
"fr On z r T r ~ T r On 

0O +6olo 9 - / o q o  0 on Lo, ' g  0 - - - - - - ' 7 -  
ano 

~%=~co~ ~ = 0  at "~=0 on SoU Lo. 

2. If ~r (~ + O, ~r (I) ~ O, Zr (2) ~ O, then instead of (16-18) we have: 

2 

i = l  
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. 

where 

ing 

. 

2 
AoA(t~--~2)  + 6 ~"  (--  1)~-~O[ ~ - -  1___2_2 (O,- -  t}~) = Co(b~ - -  @~) - -  2W* on So, 

i= 1 F0 

0 (01 + ~)  
~o 0,z~ + % O1 + ~) = 250 ~d 

x~ 0rio "}- % (~i - -  ~2) =: 25 * on Lo , 

03. -~- ,}2 -- ~0),  61 = ~2 = 0 at x = 0 on S O U Lo. 

Let ~r (~ + 0, ~r (~) § 0, Tr (2) # 0. Then 

Aoa O1 + 92) + 2 zl 0n---~ + r = co 01 + 4) - 2Wo, 

(91 - 9=) - 6 ) - 

0 (~i + ~2) ~_ % (#1 -{- #.2) = 2qo and 
xo Ono 

0 (~1 - -  ~) 
• Ono + a~ (el--,}.~) = 25* on  Lo, 

#1=~92=@~~ 0 2 = 0  at z = 0 o n  So U Lo- 

For metals (Zr (~ = Tr (I) = Zr(2) = ~r) we obtain: 

~ o ~  = Cdo 01 + ~ ) - -  2ZoWo, Ao A (01 + ,}~) + 2 x~ Oni 

2 
0~i 12 

AoA (~l__t~2).j_ 6 ~  (__ ])i-, ~ __ -- (~1--%~2) = Co4(9i--~}o)--2&w* on So, 
i= 1 Otzi ro 

0 (,}1 + ~2) 
• 0,~o + aol (,}2 + ~.2) = 21% and 

0 (~1 - -  t%) 
+ %l (~ - -  ,}~) = 2I$ * on Lo, 

• On'o 

,}~ = ~ = O~ ~ ;~1 = ~,~ = 0 at T = 0 o n  S U Lo, 

= I + Zr(a/az). 
F i n a l l y ,  m u l t i p l y i n g  each term of cond i t ions  (16) by r 0 and ignor ing  the 

the products Aoro, Coro, we a r r i v e  at  the fo l l ow ing  boundary cond i t i ons .  

• _.~ +- 1 .~o = -- IoWo, 
/=1 q,r 012i 

2 I _(0) ( X Lr 01,%, T~ ~ (--'1)~'-1 • _ t L ~ - - = +  1 (o 
i=1 ~r 01~ i ~fr 

a# ' ]  - 2 (o l - , }4  - 1 loWg 
J 1" 0 ~ 3 

O (,}1 + 0~) 
• On0 + %1~ (,}I + ~2) ---- 2/o$o and 

0 (02 -- %) 
• Ono + %l~ ( t~  - -  '}2) = 2loq~ on Lo, 

, }2=,}2=0~o ~ ~ h = 6 2 = 0  at - c = 0 o n  SoULo.  

So, 

terms 

on So, 

contain- 

(19)  

(20) 

(21) 
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In conditions (19-21), let Zr(0) + O. We then obtain: 

q)ll) ~--~2 = __ W o - -  W---~ and q)l l) -[- (D(22~ = - - W o  on So, ( 2 2 )  
r o .3 

0 (~1 + ~ )  
x~ Ono -}- ~176 (~1 "+- ~2) = 25o and 

(23) 

0 (~q~l -- '0 '2) + GO (~1 - -  ~2) = 2q$  on Lo, 
Xo Ono 

Ox=~2=~(o ~ ~ 1 = - ~ = 0  at z = O  on So [J Lo. (24) 

Passing to the limit at Zr(1) -> 0, Tr(2) -> 0 in conditions (22-24), with allowance for 
the limit 

we find: 

(~ - -  "v) 
exp ,d j, 

l im ~(i) = 8+ (~ -- ~) 
Xr(J) ~ 0 

2• 10~..A_.a__2 ~l--O________A2 - Wo W~ and 
Onl r o 3 ( 2 5 )  

0~I 0~ = __ W0 on So, 

,~o One + ~o(% + %) = 25o ~nd 

O (~I -- ~2) q_ % (@i -- @,) = 250 on L 0, no On; 

@1=~2--=~o ~ at "r=Oon So U Lo. 

The above-formulated boundary conditions (16-18) and the special cases that follow from 
them with constant values of the thermophysical characteristics were presented in [i], while 
conditions (25), with W 0 = 0, were presented in [i0]. 

NOTATION 

ti, wi, ~r (i) (i = O, i, 2), temperature, density of the heat sources, and relaxation 
time of heat flux in the intermediate layer and the first and second mated bodies; ki(ti), 
Ki, ci(ti), their thermal conductivities, reference thermal conductivities, and volumetric 
heat capacities; ~i, apparent radiative heat-transfer coefficients from the surfaces Si'; 
Si', outer parts of the surfaces bounding the intermediate layer and the first and second 
bodies; qi, heat fluxes of the radiators; ni, ni' , normals to the surfaces Si, Si'; So, mid- 
dle surface of the intermediate layer; $I, $2, surfaces of contact of the first and second 
bodies with the layer; A, B, coefficients of the first quadratic form of the surfaces Si; 
H l, H2, H 3, Lame constants; W0, W0*, density of the heat sources and density of the "moments" 
of the heat sources, referred to a unit area of the middle surface of the layer and charac- 
terizing the nonuniformity of the source distribution through the thickness of the interme- 
diate layer. 
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